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Abstract In this paper, the nonlinear oscillation of a pendulum wrapping and unwrapping on two
cylindrical bases is studied, and an analytical solution is obtained using the multiple scales method. The
equation of motion is derived based on an energy conservation technique. By applying the perturbation
method to the differential equation, the nonlinear natural frequency of the system is calculated, along
with its time response. Analytical results are compared with numerical findings and good agreement is
found. The effect of large amplitude and radius of cylinders on system frequency is evaluated. The results
indicate that as the radius of the cylinder increases, the system frequency is increased. Also, it is illustrated
that initial amplitude plays a dual role in the frequency. As the initial amplitude increases up to a certain
point, the frequency is increased, while by increasing it to higher values, the system frequency decreases.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
A simple pendulum has been a basic and practical example
for the category of vibration problems. From its discovery,
the most popular applications of the pendulum have been
timekeeping, seismometers and, sometimes, accelerometers.
It has been the basis for well-known mechanisms, such as
inverted pendulums, variable length pendulums, etc.
Many researchers have paid attention to obtaining the
governing equation of pendulums with additional conditions
along with their dynamic behavior.
Belato et al. [1] investigated a nonideal system, consisting of
a pendulum whose support point is vibrated along a horizontal
guide. The motion is produced by means of a mechanism
that converts rotational motion into longitudinal motion. They
studied oscillations of the pendulum through variations of the
supplied voltage of the electromotor.
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problems with slowly varying parameters, with multiple scales
and the KBM (Krylov-Bogoliubov-Mitropolsky) method. They
solved the equation ofmotion of a varying length pendulumand
compared the results of two methods. They also showed that
the multiple scales method is equivalent to the KBM method
for the first order approximation.
Eissa and Sayed [3] studied the vibration reduction of a
three-degree-of-freedom spring-pendulum system, subjected
to harmonic excitation. They considered the effects of a
transversely tuned absorber and active control on the behavior
of the system near primary resonances.
Amore and Aranda [4] applied Linear Delta Expansion to the
Linstedt–Poincaré method and found improved approximate
solutions for nonlinear problems. They examined their method
for nonlinear pendulum problems and for general unharmonic
excitations.
Some researchers have studied chaos in the problem. For
example, Idowu et al. [5] studied chaotic solutions of a
parametrically undamped pendulum. They applied a shooting
method to the problem and concluded that this method is more
intuitive. Also, it givesmore information about system behavior
when chaos occurs.
Amer and Bek [6] analyzed the chaotic response of a
harmonically excited spring pendulum moving in a circular
path. They used the multiple scales method in their solution,
and showed that the system has bifurcation leading to chaos.
Also, the dynamic control of these systems and especially
inverted pendulums, is mostly studied in the literature. Anh
et al. [7] investigated the vibration reduction for a stable
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inverted pendulumwith a passivemass-spring-pendulum-type
Dynamic Vibration Absorber (DVA). They found that the DVA,
on an inverted pendulum, is more effective than the DVA on a
normal pendulum.
Ovseyevich [8] investigated the stability of the upper equi-
librium position of a pendulum in cases where the suspension
point makes rapid random oscillation with small amplitude.
In this paper, the nonlinear vibration of a simple pendulum
bounded by two cylinders at the point of suspension is studied
(Figure 1). As the pendulum oscillates, its length varies due to
wrapping around the cylinders. It is highly important to note
that the cylinders could be considered as a magnified form of
surface waviness in the pendulum support.
2. Theory and formulation
In this part, the equation of motion of a simple pendulum
wrapping and unwrapping around cylinders at the point of
suspension is presented. As shown in Figure 1, this system has
one degree of freedom, and can be described by the generalized
coordinates, θ . As a result of the wrapping and unwrapping of a
pendulum around the cylinders, the string length is changed,
causing a change in the natural frequency, even at small
amplitude of vibration.
The system shown in Figure 1 is a conservative system, thus
we use the concept of conservation of energy to derive the
equation of motion. The kinetic energy of the system is:
T = 1
2
m(L− r |θ |)2θ˙2. (1)
Also, the potential energy of the system, with respect to the
equilibrium point, is:
U = mg {L− (L− r |θ |) cos(θ)− r sin(|θ |)} . (2)
Using the energy conservation, we have:
d(T + U)
dt
= m (L− r |θ |)2 θ˙ θ¨ − r (L− r |θ |) θ˙3
+mg

(L− r |θ |) θ˙ sin(θ)+ r θ˙sgn(θ) cos(θ)
− r θ˙sgn(θ) cos(|θ |)

= 0. (3)
Finally, after some simplifications and considering that cos(|θ |)
= cos(θ), we have:
θ¨ + g sin θ
L− r |θ | −
r θ˙2
L− r |θ | sgn (θ) = 0, (4)in which the absolute value is used, in order for the equation to
be valid for negative values of θ . Let r/L = ε, then:
θ¨ + g
L
sin θ
(1− ε |θ |) −
r
L
θ˙2
(1− ε |θ |) sgn (θ) = 0, (5)
in which ε is a small parameter. Expanding terms involving θ ,
results in:
sin θ = θ − 1
6
θ3 + · · · ,
1
(1− ε |θ |) = 1+ ε |θ | + εθ
2 + · · · , ε |θ | ≪ 1. (6)
Substitution of Eq. (6) into Eq. (5) results in:
θ¨ + g
L

θ − 1
6
θ3 + · · ·
 
1+ ε |θ | + εθ2 + · · ·
− r
L
θ˙2

1+ ε |θ | + εθ2 + · · · sgn (θ) = 0. (7)
Expanding the above equation, and neglecting θ5 and higher
powers of θ , the equation of motion may be written as:
θ¨ + ω20θ −
1
6
ω20θ
3 + εω20θ |θ | −
1
6
εω20θ
3 |θ |
− εθ˙2sgn (θ) = 0, (8)
whereω0 = √g/L. Introducing gL = ε gr , the equation ofmotion
is:
θ¨ + ω20θ −
1
6
ε
g
r
θ3 + εω20θ |θ | −
1
6
εω20θ
3 |θ |
− εθ˙2sgn (θ) = 0, (9)
where the nonlinear effects are expressed in terms of the
perturbation parameter, ε, which is less than unity.
2.1. Solution method
The multiple scales method is used to solve Eq. (9). First, the
solution is assumed as [9]:
θ = θ0 + εθ1 + ε2θ2 + · · · (10)
Also, the differential operator is defined as below [9]:
d
dt
= D0 + εD1 + ε2D2 + · · · ,
d2
dt2
= D20 + 2εD0D1 + ε2

2D0D2 + D22
+ · · · , (11)
in which:
Di = ddTi , Ti = ε
it, i = 0, 1, 2, . . . (12)
Substituting Eqs. (11) and (12) into Eq. (9) and expanding all
terms up to the first order of ε, the coefficients of ε0 and ε1 on
both sides of the equation should be equal:
ε0 : D20θ0 + ω20θ0 = 0, (13)
ε1 : D20θ1 + ω20θ1 = −2D0D1θ0 +
1
6
L
r
ω20θ
3
0
−ω20θ0 |θ0| +
1
6
ω20θ
3
0 |θ0| + θ˙20 sgn (θ0) . (14)
The solution of Eq. (13) is:
θ0 = Aeiω0T0 + Ae−iω0T0 , (15)
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side of Eq. (14), a nonhomogeneous differential equation in θ1,
with respect to T0, is obtained. Because the solution must be
periodic and bounded as t increases, coefficients of eiω0T0 on
the right hand side of Eq. (14), called secular terms, should be
zero [9]. Thus:
− 2iω0D1A+ 12
L
r
ω20A
2A− ω20e1 +
1
6
ω20f1 + g1 = 0, (16)
where e1, f1 and g1 are the coefficients of eiω0T0 in the Fourier
expansion of the last three terms in Eq. (8), and can be defined
as [10]:
en = ω2π
 π
ω0
− πω0
θ0 |θ0| e−inωT0dT0, (17)
fn = ω02π
 π
ω0
π
ω0
θ30 |θ | e−inω0T0dT0, (18)
gn = ω02π
 π
ω0
− πω0
θ˙20 .sgn(θ)e
−inω0T0dT0. (19)
In order to determine A in terms of T1, we define:
A = 1
2
aeiβ , a = a(T1), β = β(T1),
ω0T0 + β = φ, dT0 = dφ
ω0
. (20)
The values of integrals in Eq. (17) to (19) for n = 1 can be cal-
culated as follows:
e1 = a
2
8π
eiβ
 π+β
−π+β

eiφ + e−iφ eiφ + e−iφ e−iφ .dT
= 4
3π
a2eiβ , (21)
f1 = a
3
16
1
2π
eiβ
 π
−π

eiφ + e−iφ3 eiφ + e−iφ e−iφdφ
= 16a
4
15π
eiβ , (22)
g1 = a
2
8π
eiβ
 π
−π

−ω20

eiφ − e−iφ2 sgn eiφ + e−iφ
e−iφdφ = 2a
2ω20
3π
eiβ . (23)
Substituting Eqs. (21)–(23) into Eq. (16), the governing differ-
ential equation of a and β becomes:
− iω0

a′ + iaβ+ 1
2
L
r
ω20
a3
8
− ω20

4
3π
a2

+ 1
6
ω20

16a4
15π

+ 2
3π
a2ω20 = 0. (24)
Separating the real and imaginary parts of Eq. (24) and equating
each part to zero results in:
a′ = 0,
β ′ = −

1
16
L
r
ω0a2 − 23π ω0a+
8
45π
a2

= −

1
16
L
r
ω0a20 −
2
3π
ω0a0 + 845π a
2
0

. (25)By solving the two differential equations above, a and β could
be obtained as:
a = a0,
β = −ω0a

1
16
L
r
a− 2
3π
+ 8
45π
a2

T0 + β0. (26)
In order to calculate the particular solution of Eq. (14), Fourier
expansion of all nonhomogeneous terms should be evaluated
first:
θ0 |θ0| = e1eiω0T0 + e2e2iω0T0 + e3e3iω0T0
+ e4e4iω0T0 + e5e5iω0T0 + · · · + C .C .
θ30 |θ0| = f1eiω0T0 + f2e2iω0T0 + f3e3iω0T0
+ f4e4iω0T0 + f5e5iω0T0 + · · · + C .C .
θ˙2sgn(θ) = g1eiω0T0 + g2e2iω0T0 + g3e3iω0T0
+ g4e4iω0T0 + g5e5iω0T0 + · · · + C .C ., (27)
in which C .C . is the complex conjugate of all previous terms,
and en, fn and gn are obtained for n = 2, 3, 4, 5 from Eq. (17)
to (19) as follows:
e2 = f2 = g2 = 0,
e4 = f4 = g4 = 0
e3 = 415
a2
π
e3iβ , f3 = 1635
a4
π
e3iβ ,
g3 = 1415
a2
π
e3iβ , e5 = − 4105
a2
π
e5iβ ,
f5 = 16315
a4
π
e5iβ , g5 = 1415
a2
π
e5iβ . (28)
It is highly important to note that since Fourier coefficients for
n > 5 are very small, they can be neglected. Using the Fourier
expansion obtained above, the solution of Eq. (14) becomes:
θ1 = e3 + f3 + g3
ω20 − 9ω20
ei3ω0T0 × e3iβ
+ e5 + f5 + g5
ω20 − 25ω20
ei5ω0T0 × e5iβ + C .C .
= −e3 + f3 + g3
8ω20
ei(3ω0T0+3β)
− e5 + f5 + g5
24ω20
ei(5ω0T0+5β) + C .C . (29)
Now, we can obtain θ by the first approximation:
θ = a cos(ωt + β0)− ε e3 + f3 + g38ω20
cos(3ωt + 3β0)
− ε e5 + f5 + g5
24ω20
cos(5ωt + 5β0),
ω = ω0

1− εa

1
16
L
r
a− 2
3π
+ 8
45π
a2

= ω0

1− 1
16
a2 − εa

− 2
3π
+ 8
45π
a2

. (30)
It should be noted that the values of a and β0 should be calcu-
lated using the initial conditions of the problem. By imposing
the initial condition on Eq. (30), one obtains:
θ |t=0 = a− 18ω20
(e3 + f3 + g3)− 124ω20
(e5 + f5 + g5) ,
θ˙ |t=0 = 0. (31)
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different values of θ0 and r/L).
From the second condition of Eq. (31), β0 is obtained equal
to zero. Then, a numerical technique, based on the New-
ton–Raphson method, is implemented to obtain a from Eq. (31)
above.
3. Results and discussion
In this section, we present and compare the analytical
and numerical results obtained by the multiple scales and
Runge–Kutta methods, respectively. Also, in order to validate
the nonlinear frequency evaluated in Eq. (30), we rewrite asFigure 3: Time response of the system.
follows:
ω = ω0

1− εa

1
16
L
r
a− 2
3π
+ 8
45π
a2

= ω0

1− 1
16
a2 − εa

− 2
3π
+ 8
45π
a2

. (32)
It is evident that when ε approaches zero, the nonlinear fre-
quency is:
ω = ω0

1− 1
16
a2

, (33)
which is equal to the nonlinear frequency of the large amplitude
oscillation of a simple pendulum, as reported in [9].
As in any other vibration problem, it is necessary to obtain
the time response of the system to validate the approximated
solution. In Figure 2, the time response of the system, obtained
by analytical and Runge–Kutta methods, is shown. It can be
seen that for low values of θ0 or r/L, the agreement between
the approximated analytical solution and the exact numerical
solution is very good, and error is less than 1%. It should be
noted that the larger the initial amplitude or r/L, the larger the
error. In Figure 3 the time response of the wrapping pendulum
is compared with the simple pendulum, in the case where no
cylinder exists.
As the system is nonlinear, we are to analyze its nonlinearity
and specifically its effect on the frequency of vibration. There
are two sources of nonlinearity in the system: the large
amplitude of motion and wrapping around the fillet corner of
the pendulum support. In Figure 4, the dependency of system
frequency on initial amplitude is shown and compared for
several values of cylinder radius. It can be easily seen that by
increasing the initial amplitude, system frequency is increased,
while, after a certain θ0 value, the frequency tends to decrease
with respect to θ0.
In Figure 5, the effect of cylinder radius on the frequency of
the system is shown. It can be recognized that the frequency
varies, with respect to the cylinder radius, linearly.
Variation of frequency versus θ and r/L in three-dimensional
form is presented in Figure 6.
The frequency of vibration is presented versus the pendulum
length in Figure 7; it can be seen that increasing the length of
the pendulum makes it oscillate with the lower frequency.
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Figure 5: Dependency of nonlinear frequency on cylinder radius (L = 1 m).
Figure 6: Nonlinear frequency vs. cylinder radius and initial amplitude.
4. Conclusion
The dynamic response of a large amplitude pendulum
wrapping around a cylinder under the effect of gravitational
force is studied. The multiple scales method is implemented
to solve the nonlinear differential equation of the system
and obtain the natural frequency. The effect of geometricFigure 7: Nonlinear frequency vs. pendulum length.
parameters on the vibration frequency is also investigated.
It is shown that the nonideal suspension of the pendulum
affects system behavior, especially its frequency. Nonlinear
vibration of the pendulum is due to radius of the cylinder
and large amplitude of oscillation. As the radius of cylinder
increases, the nonlinear frequency is increased. But the effect
of large initial amplitude is different. Results show that the
nonlinear frequency increases by increasing the amplitude of
pendulum for smaller values of the initial amplitude. But the
nonlinear frequency of the pendulum decreases by increasing
the amplitude for the higher values of the initial amplitude.
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